The notion of tameness for the derived category of a finite dimensional algebra is introduced and standard properties are established. This is based on classical tameness definitions of Drozd and Crawley-Boevey for the category of finite dimensional representations.
Introduction
Let Λ be a finite dimensional algebra over an algebraically closed field. Drozd's definition of tame type for the category mod Λ of finite dimensional Λ-modules is the base of his celebrated Tame and Wild Theorem [6] . It states that Λ is either tame, so that for all n ∈ N the indecomposable Λ-modules of dimension n can be parametrized using only one continuous parameter, or Λ is wild, and it has families of indecomposable Λ-modules depending on arbitrarily many continuous parameters.
Let D b (mod Λ) denote the derived category of bounded complexes of finite dimensional Λ-modules. The main aim of this paper is to establish standard properties of two natural definitions for the notion of derived tameness. The first definition (see Definition 2.1) is the analogue of Drozd's tameness definition. Roughly speaking, we say that Λ is derived tame if for each vector n = (n i ) i∈Z of natural numbers the indecomposable objects in D b (mod Λ) of cohomology dimension n can be parametrized using only one continuous parameter.
The second definition (see Definition 2.3) involves generic complexes and is the analogue of Crawley-Boevey's definition of generic tameness [4] . Here we use the bounded derived category D b (Mod Λ) of all Λ-modules. We say that Λ is generically derived tame if for each vector n = (n i ) i∈Z of natural numbers there are only finitely many isomorphism classes of generic complexes in D b (Mod Λ) which have cohomology endolength n.
Both definitions are motivated by recent work of Vossieck [23] who classified the algebras having a discrete derived category, and by work of de la Peña [19] who introduced the notion of derived tameness via the repetitive algebra.
Our first result shows that an equivalence D b (mod Λ) → D b (mod Γ) of triangulated categories preserves derived tameness. Theorem 1.1. Let Λ and Γ be finite dimensional algebras over an algebraically closed field and suppose that Λ and Γ are derived equivalent.
(1) Λ is derived tame if and only if Γ is derived tame. (2) Λ is generically derived tame if and only if Γ is generically derived tame.
It is beyond the scope of this paper to prove a derived Tame and Wild Theorem. However, we are able to show that an algebra is not derived tame if there are families of indecomposable complexes depending on at least two continuous parameters, see Theorem 6.2 for a precise statement.
If Λ is of finite global dimension, then D b (mod Λ) is equivalent as triangulated category to the stable module category mod Λ of the repetitive algebra Λ by Happel's theorem [10] . It is therefore important to have the following result.
Theorem 1.2. Let Λ be a finite dimensional algebra over an algebraically closed field and suppose that Λ has finite global dimension. Then the following are equivalent:
(1) Λ is derived tame; (2) Λ is generically derived tame; (3) Λ is tame.
The hypothesis of finite global dimension is not needed to prove (1) and (2) if (3) holds. It is remarkable, that for the discrete case also (1) implies (3) without the hypothesis of finite global dimension, but this is based on a complete classification of the algebras of that type [23] .
For an algebra of infinite global dimension, not much seems to be known about the derived category. For instance, we have no example showing that the assumption on the global dimension is needed for the other implications in the preceding theorem. However, we feel that in any case the definition of the derived representation type should be formulated in terms of the derived category.
Let us mention some examples of derived tame algebras. The first theorem implies that a piecewise hereditary algebra [11] is derived tame if and only if the
Derived Tameness
Notation. Let k be a field and let Λ be a locally bounded k-category (see [3] ). We are interested in the study of modules over finite dimensional k-algebras and observe that this is the same as the study of Λ-modules where Λ is finite. A Λ-module is a k-linear functor Λ op → Mod k into the category of k-vector spaces. We denote by Mod Λ the category of all Λ-modules and mod Λ denotes the full subcategory of finitely presented Λ-modules. For every object i ∈ Λ, we denote by P i = Hom Λ (−, i) the corresponding indecomposable projective Λ-module, and S i denotes the unique simple Λ-module with Hom(P i , S i ) = 0. By abuse of notation, we sometimes write Λ for i∈Λ P i . Given a Λ-module X, we denote by
is called the endolength of X. Here, length R M denotes the composition length of an R-module M . The Λ-module X is endofinite if each entry of the vector endol X is finite.
The derived category of bounded complexes of arbitrary Λ-modules is denoted by D b (Mod Λ) and D b (mod Λ) denotes the bounded derived category of finitely presented Λ-modules. We identify the homotopy category K b (proj Λ) of finitely generated projective Λ-modules with the full subcategory of perfect complexes. Recall that a complex is perfect if it is isomorphic to a bounded complex of finitely generated projective Λ-modules.
A derived category is a triangulated category in the sense of Verdier [22] . We denote for a triangulated category T by Σ the translation functor T → T and the distinguished triangles in T are sequences of the form
We shall often identify a Λ-module with the corresponding complex concentrated in degree 0. For instance, we have for all i ∈ Λ and n ∈ Z the isomorphism
We write N = {0, 1, 2, . . .} for the set of natural numbers and define for every set I the set of vectors
For example, dim X ∈ N (Λ) for every finitely presented Λ-module X.
Tameness. Our first definition of derived tameness is the analogue of Drozd's tameness definition [6] . We use the cohomology dimension of a complex X ∈ D b (mod Λ) which is by definition the vector Generic tameness. Our second definition of derived tameness is the analogue of Crawley-Boevey's definition of generic tameness [4] . This definition involves generic complexes; they also arise in work of Lenzing on tubular algebras [18] .
An endofinite complex X is called generic if X is indecomposable and not isomorphic to a bounded complex of finitely presented Λ-modules.
The cohomology endolength of a complex X is by definition the vector
Note that cohomology endolength and cohomology dimension of X coincide provided that X is an indecomposable complex of finite dimensional modules and the ground field k is algebraically closed. Given i ∈ Z, we denote for every Λ-module X by Ω i X the ith syzygy. The assignment X → Ω i X induces an equivalence Ω i : Mod Λ → Mod Λ. Note that Mod Λ is a triangulated category; see [13] for details. The functor Ω −1 serves as translation functor so that the distinguished triangles in Mod Λ are of the form
Next we formulate some estimates for the syzygies in Mod Λ. We denote for a Λ-module X by pd X its projective dimension and by id X its injective dimension.
Lemma 3.1. Let X = (X i ) i∈Z ∈ Mod Λ and X i = 0 for i < r and i > s.
(1) (ΩX) i = 0 for i < r and i > s + 1.
Proof. The assertions follow easily from the construction of the syzygies Ω i X.
Happel's functor. We fix a finite locally bounded k-category Λ. Consider the Happel functor
which restricts to a functor
It is defined in [10] (see also [13] ) and we list the essential properties of this functor: F is fully faithful, exact, and sends a complex X concentrated in degree zero to the Λ-module Y which is concentrated in degree zero with
Estimates
In this section we shall produce various estimates for (cohomology) dimension and endolength of modules and complexes. Throughout this section we fix two finite locally bounded k-categories Λ and Γ. Given a family n = (n i ) i∈Z of vectors n i ∈ N (Λ) with n i = 0 for almost all i, we define |n| = max{|i| |n i = 0} and n = max
Devissage. Let T be any triangulated category and fix an object T in T . We define inductively
Given an object X in T , one defines the distance of X from T as follows:
By induction on d(X, T ), one defines the width w(X, T ) of X with respect to T as follows. If d(X, T ) = 0, let
w(X, T ) = min{n ∈ N | X is a direct factor of Σ n T or Σ −n T } . Otherwise, let w(X, T ) be the smallest n ∈ N such that X is a direct factor of Y for some distinguished triangle Y → Y → Y → ΣY with d(Y , T ), d(Y , T ) < d(X, T ) and w(Y , T ), w(Y , T ) ≤ n. Finally, we define for two objects X, Y in T [X, Y ] = length End(Y ) Hom(X, Y ) .
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Lemma 4.1. Let S ∈ T and X ∈ T .
Proof. Every distinguished triangle
of End(X)-modules. The assertions are immediate consequences of this basic fact and the definitions.
Derived equivalence. We show that a derived equivalence controls cohomology endolength and dimension.
be an equivalence of triangulated categories. Then there exists a constant g ∈ N and a function γ:
Proof. Let X ∈ D b (Mod Γ) and h-endol X = n. We shall produce an estimate for h-endol Y where Y = G(X). We put T = G(Γ) and observe that
Happel's functor. Consider the Happel functor F :
We wish to compare the endolength of a complex X with the endolength of the module F (X). This requires a series of lemmas. We start with a simple observation. Proof. Any non-zero map S → X which factors through some injective module, also factors through the injective envelope E(S) of S, and induces therefore a monomorphism E(S) → X. This is impossible by our assumption on X. Thus Hom(S, X) = Hom(S, X).
, and therefore F (X) i = 0 for |i| > 2(n + 1) by Lemma 3.1.
Let us recall that for every Λ-module X = (X n ) n∈Z the endolength endol X = (endol X n ) n∈Z is a family of vectors in N (Λ) .
Lemma 4.6. There exists a function
where n = h-endol X.
Proof. Let X ∈ D b (Mod Λ) and h-endol X = n. We define
where n = |n|. It follows from Lemma 4.4 that F (X) j = 0 for |j| > 2(n + 1).
for all j ∈ Z. Now let c i be the maximal Jordan-Hölder multiplicity of the simple S i in some indecomposable projective Λ-module. Using Lemma 4.3, we get for all j ∈ Λ that
The estimate follows if we take
where |Λ| denotes the number of objects of Λ. 
where m = r-endol F (X).
Proof. Let X ∈ D b (Mod Λ) and h-endol X = n. We put Y = F (X) red and endol Y = m. Thus 
and have therefore
where c h (Σ −i Λ) denotes the Jordan-Hölder multiplicity of the simple S h in Σ −i Λ. Defining
the assertion follows.
Remark 4.1. Lemmas 4.2, 4.6 and 4.7 have analogues where endolength is replaced by dimension; the proofs are identical. Note that [23] has similar estimates for dimensions. However, the proofs given here are different from those in [23] because we need to cover the endolength as well.
Transport of Families
In this section we discuss the transport of families which arise in the definition of derived tameness. There are two types of functors which we need to study: derived equivalences and Happel's functor. The main results in this section are Propositions 5.1 and 5.2. It is shown that these functors preserve families provided one restricts a given family to some appropriate open subset.
Conventions. Let Λ be a finite locally bounded k-category over some algebraically closed field k. We write ⊗ for ⊗ k . We denote by R always a finitely generated commutative k-algebra which is a domain, and K = K(R) denotes the quotient field of R. In the sequel we will consider R-Λ-bimodules, which we always assume finitely generated and free as R-modules. Thus we view every R-Λ-bimodule as a contravariant functor from Λ into the category of finitely generated free R-modules. Given an R-Λ-bimodule M and h ∈ R, we write M h for the localized R h -Λ-bimodule R h ⊗ R M . The same notation applies to complexes of bimodules. For a R-Λ-bimodule M we always assume M (x) = 0 for all but finitely many x ∈ Λ. If M is a finite dimensional K ⊗ Λ-module, then there exists h ∈ R and an R h -Λ-sub-bimoduleM of M , such that K ⊗ R hM = M . We call such a sub-bimodule an R h -lattice of M . A similar result holds for a bounded complex of finite dimensional K ⊗ Λ-modules X, i.e. for some h ∈ R we will find an R h -latticeX with K ⊗ R hX = X. Sometimes we need to localize in several steps and obtain, for example, (R h ) g . In order to avoid clumsy notion we suppress the g and suppose rather that h was chosen adequately.
We usually identify Spec(R)(k), the k-rational points of Spec(R), with the isoclasses of simple R-modules, since we are working over an algebraically closed field.
We have for each dimension vector d ∈ N ( Λ) the affine variety mod 
(1) If N is an R-Λ-bimodule, and ϕ
: K ⊗ R M → K ⊗ R N is a morphism of K ⊗ Λ- modules, then there exists h ∈ R such that ϕ induces a morphismφ: M h → N h and rank k (S ⊗ R hφ ) = rank K (ϕ) for all simple R h -modules S. (2) If K ⊗ R M ∼ = K ⊗ N for some N ∈ mod Λ, then for some h ∈ R we have S ⊗ R h M h ∼ = N for all simple R h -modules S. In particular, if K ⊗ R M is an injective (resp. projective) K ⊗ Λ-module, then S ⊗ R h M h is a projective (resp. injective) Λ-module for all simple R h -modules S. (3) Let X be a
bounded complex of K ⊗ Λ-modules and Y be a bounded complex of R-Λ-bimodules. If π: X → K ⊗ R Y is a quasi-isomorphism, then there exists h ∈ R and an R h -latticeX of X such that π induces a morphismπ:X → Y h and S ⊗ R hπ is a quasi-isomorphism of complexes of Λ-modules for all simple R h -modules S.

Proof. (1) follows basically from the fact that the function on Spec(R h )(k) defined by [S] → rank k (S ⊗ R hφ ) is lower semicontinuous. (2) follows from (1). For (3)
, note first that we can find for some h ∈ R an R h -latticeX of X, such that π induces a morphismπ:X → Y h . Now, the functions S → dim k H i (C(S ⊗ R hπ )) (where C is the mapping cone) are upper semicontinuous functions on Spec(R h )(k), thus we may assume after some further localization that they are constant.
We have the following immediate consequence.
Corollary 5.1. If M is an R-Λ-bimodule and S a simple R-module, then there exists h ∈ R with S h = 0, and a R
Proof. From [10, II.4.1] we find a projective-injective Λ-module P , together with a morphism of R-Λ-bimodules p: R ⊗ P → M , such that S ⊗ R p is surjective for all simple R-modules S. Choosing an appropriate basis, we find h ∈ R and a R h -lattice N of Ker(K ⊗ R p) with the required properties.
Truncation. We consider the left truncation P ≥j of a complex P :
with the obvious restriction of the differentials. We have a natural map of complexes γ ≥j P : P → P ≥j which is a quasi-isomorphism if H i (P ) = 0 for i ≤ j. If π: P → Y is a morphism of complexes with Y i = 0 for i ≤ l, we get for each m ≤ l a factorization
where
Lemma 5.2. Let X be a bounded complex of R-Λ-bimodules with RX i = 0 for i ≤ l. Then there exists for each m ≤ l an element h ∈ R and a morphism of bounded complexes of
R h -Λ-bimodules ρ ≥m : Q → X h such that • S ⊗ R h Q i
is a projective Λ-module for all i > m and Q i = 0 for i < m, and • S ⊗ R h ρ is a quasi-isomorphism for all simple R h -modules S.
Proof. Consider a quasi-isomorphism π: P → K ⊗ R X of complexes of K ⊗ Λ-modules with P a right bounded complex of projective modules. As above we obtain for m ≤ l a quasi-isomorphism
By Lemma 5.1(3), we find h ∈ R and a morphism of complexes of R h -Λ-bimodules
We conclude from Lemma 5.1(2) that Q has the desired properties.
Reduced modules. We study upper-semicontinuity properties of r-dim for Λ-modules, and see that on an appropriate open subset we can replace a family of Λ-modules by a reduced family of modules.
Lemma 5.3. Let M be a R-Λ-bimodule, then the following holds:
(1) Suppose that S ⊗ R M has a projective-injective direct summand P for some simple R-module S . Then there exists for some h ∈ R with
is componentwise upper-semicontinuous.
Proof.
We need only to show (1), since this implies clearly (2). Since P is projective, we have a vector-bundle In other words, we have a morphism of R h -Λ-bimodules s: R h ⊗ P → L , with the property that S ⊗ R h s is a monomorphism for all simple R h -modules S. Since P is injective, we may assume
Corollary 5.2. Let M be a R-Λ-bimodule S, and n ∈ Z, then the following holds:
(1) There exists h ∈ R and a R h -Λ-bimodule N, such that
is an upper-semicontinuous function.
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Proof. We find by Corollary 5.1 some h ∈ R and a R h -Λ-bimodule N with
In order to show (2), we use again Corollary 5.1. For any chosen simple R-module S we may assume S h = 0. Thus, Lemma 5.3 (2) shows, that r-dim
This shows the first statement of (2). The second follows from that, by working through the irreducible components of mod
Remark 5.1. In the preceding proof of (1) we are tempted to split off directly the injective summands of K ⊗ R M . However, this might not be sufficient. For instance, K ⊗ R M indecomposable does not imply that S ⊗ R M is indecomposable for a simple R-module S, since K is not necessarily algebraically closed; see for example [7] .
The image of the Happel functor. Denote by F the Happel functor
We say that M ∈ mod Λ belongs to the image of F and . The case n = 0 implies N ∈ Im(F ), and we conclude that N ∈ Im(F ).
Proof. We denote by Σ the usual shift in
By Corollary 5.2(2)
is an open subset of mod 
Thus it follows from (1) , that for given h ∈ N (Z) the set
with h-dim X = h} is locally closed. Here we use that the map
is upper semicontinuous.
Transport of families.
We are now in a position to prove the main results of this section.
Proposition 5.1. Let Λ and Γ be finite dimensional k-algebras and T a bounded complex of Λ-Γ-bimodules. Suppose that X is a bounded complex of R-Λ-bimodules such that there exists
for all simple R h -modules S.
Proof. Let t ∈ N such that T i = 0 for |i| > t and j ∈ Z such X i = 0 for i ≤ j. Consider ρ ≥m : Q → X h as in Lemma 5.2 with m = min{j, l − t}. For a simple R hmodules S choose a complex of projective Λ-modules P S such that P
Now we find (after some further localization) a bounded complex of R h -Γ-bimodules Y with
for all simple R h -modules S. (
1) If X is a bounded complex of R-Λ-bimodules, then there exists h ∈ R and an
If N is an R-Λ-bimodule, then precisely one of the following two situations occurs:
• There exist h ∈ R and a bounded complex of 
for all simple R h -modules S. By the description of the Happel functor in [13] our claim follows. Finally, by Corollary 5.2(1), we may assume that S ⊗ R h M is always reduced. Note that from our construction also follows
for the Happel functor for the extended algebra K ⊗ Λ. Just apply to the whole construction the functor 
For some h ∈ R we find an R h -lattice Y of X, and by (1) we may assume that we have an
By the last remark in the proof of (1), we conclude
The first and the last module are reduced and therefore isomorphic in mod Λ. Thus our claim follows from Lemma 5.1(1).
Standard Properties
In this section we prove our main results about derived tame algebras. These results are easy consequences of the results in the previous section and the estimates from Sec. 4. Proof. By symmetry, it is sufficient to show that Λ derived tame implies Γ derived tame. Let T be a complex of Γ-Λ-bimodules which induces an equivalence of trian-
. Such a complex exists by Rickard's theorem [21] . We can assume that T is a bounded complex. In fact, the construction (see for example [14, 8.3] ) gives a right-bounded complex T with bounded cohomology, and if H i (T ) = 0 for |i| > w, the left-truncation T ≥n (with n < −w) is quasi-isomorphic to T as a complex of bimodules. Using [14, 8. gentle algebras [9] , which are not piecewise hereditary are either derived of discrete type, or derived tame, but not of polynomial growth. As we have seen, the same applies to algebras which are derived equivalent to one of these classes.
